New formulation of Horava-Lifshitz quantum gravity as a master constraint theory 
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Both projectable and non-projectable versions of Horava-Lifshitz gravity face serious challenges. In the 
non-projectable version, the constraint algebra is seemingly inconsistent. The projectable version lacks a local 
Hamiltonian constraint, thus allowing for an extra scalar mode which can be problematic. A new formulation of 
non-projectable Horava-Lifshitz gravity, naturally realized as a representation of the master constraint algebra 
studied by loop quantum gravity researchers, is presented. This yields a consistent canonical theory with first 
class constraints. It captures the essence of Horava-Lifshitz gravity in retaining only spatial diffeomorphisms 
(instead of full space-time covariance) as the physically relevant non-trivial gauge symmetry; at the same time 
the local Hamiltonian constraint needed to eliminate the extra mode is equivalently enforced by the master 
constraint. 
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I. INTRODUCTION 

Horava's proposal 1 1] of an ultraviolet completion of gen- 
eral relativity has attracted much recent attention. The con- 
ceptual breakthrough in Horava's work is the realization that a 
key obstacle to the viability of perturbative quantum gravity as 
a renormalizable field theory lies in the deep conflict between 
unitarity and space-time general covariance: the renormal- 
izability of general relativity can be improved and achieved 
through the introduction of higher derivative terms, but space- 
time covariance requires higher time as well as spatial deriva- 
tives of the same order, thus compromising the stability and 
unitarity of the theory. The loss of unitarity is signaled by the 
occurrence of a ghost term in the resummed effective graviton 
propagator. Horava elects to keep unitarity but relinquishes 
full space-time covariance to retain only spatial diffeomor- 
phism symmetry at the fundamental level, and seeks to re- 
cover general relativity at low curvatures. This bold procedure 
leads to the crucial decoupling of temporal from spatial contri- 
butions in the graviton propagator. There is, in our view, a re- 
lated development, in loop quantum gravity, which is perhaps 
not as well known: the application of the master constraint 
program 112, yD to non-perturbative quantization of Einstein's 
theory. In the effort it has been fruitful to seek representations 
not of the Dirac algebra, but of the master constraint algebra 
which has the advantages of having structure constants rather 
than structure functions, and of spatial diffeomorphisms form- 
ing an ideal (thus allowing for the crucial decoupling of the 
equivalent quantum Hamiltonian constraint from spatial dif- 
feomorphism generators). 

This work demonstrates that it is apposite, and also natural, 
to formulate Horava-Lifshitz theory as a representation of the 
master constraint algebra. Unlike the original non-projectable 
formulation of Horava-Lifshitz theory, our construction yields 
a consistent canonical theory with first class constraints. Ob- 



servables of the resultant theory are also discussed. In addi- 
tion our formulation realizes, in an explicit manner, the claim 
in Ref. |4] that time-reparametrization symmetry of Horava- 
Lifshitz gravity is on-shell trivial. The consistency conditions 
for general relativity with deformed supermetric are also dis- 
cussed, and it is shown that the special case covered in Ref. [5|] 
can be consistent only with vanishing lapse function. 



II. FEATURES OF HORAVA-LIFSHITZ GRAVITY WITH 
DETAILED BALANCE 

We begin by recasting the original formulation of Horava- 
Lifshitz gravity Jll] in a compact form which highlights certain 
features and structures of the theory. In the canonical mould, 
the theory may be written as 

S= j n'->qij d^xdt - / {NH + N'Hi) d^xdt, (1) 

wherein the super-Hamiltonian, with detailed balance |1], is 
H=4^ r ,; W mmy ^jjjj fj ^ 2qiiVk7t''J = is the 
super-momentum constraint. The space-time metric is of the 
Arnowitt-Deser-Misner (ADM) form fl ds^ = ~N^{cdt)^ + 
qij{dx' +N'cdt){dx^ + N^cdt); and we assume there is no 
boundary for simplicity, although boundary terms can be 
added without affecting the theme of this work. The (inverse) 
DeWitt supermetric, with deformation parameter X which is 
allowed to deviate from unity, is Gjjki = jiqtk^ji +qiiqjk) ^ 
jX^lijIkh Dependent only on the 3-geometry, Wj is (up to 
3rd order in spatial derivatives of the metric) the sum of a 
Chern-Simons action of the spatial affine connection and the 
spatial Einstein-Hilbert action with cosmological constant i.e. 
W-Y = Wcs + Weha, with 
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and the Cotton tensor density can be expressed as C'^ = 
.^,2 — cs Precisely because of detailed balance the Hamilto- 



Oqij 



nian constraint can be succinctly rewritten as |2] 
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with Q'j^ :— Tt'J ± ;V^. As quantum operators, Q± take on the 



Wj 



interesting form Q'j[ — e^~i^ ff-^ e^'T^ . Note also that Q± are 
hermitian conjugates of each other if Wx is hermitian (classi- 
cally real), and are separately hermitian if Wj is purely anti- 
hermitian (classically pure imaginary). In both cases, the clas- 
sical expression for H remains real [211 . 

An observation on the values of the coupling constants 
is also apposite here: the superspace metric |i9j], 8S^ = 
G'J''' 8qij8qki, has signature (sgn[| -A], +,+,+,+,+). So 
the corresponding Wheeler-DeWitt equation [gl UOll comes 
equipped with an 'intrinsic time' |9] for A > |. Unlike the 
space-time covariant Einstein-Hilbert theory, deformation of 
X from unity should be allowed as it does not violate the 3- 
dim. diffeomorphism symmetry of the theory. Moreover, X is 
expected to flow as a renormalization parameter Intriguingly, 

the emergent speed of light c = -^ \/ T^fl' '^^e cosmological 

-1 2 .3 

constant jAw, and Newton's gravitational constant G = ^j^ 
can all be phenomenologically positive for A > ^ only if jx is 
pure imaginary and K is real. Then H and the action is real 
only if w^ is pure imaginary. This set of values renders Wj to 
be pure imaginary, and thus Q± become individually hermi- 
tian. 

The supermetric and Q± do not commute among them- 

Wj 

selves, so whether ^q^ = /e t~, which are annihilated by 
Q'J. (if / satisfies -^ = 0), qualify as exact solutions depends 
on ordering ambiguities in H; but it should be noted that such 
states (with slowly varying /) are nevertheless semi-classical; 
and a pure imaginary Wj leads to real n'^ = Ti-g^ solving 
the Hamilton-Jacobi equation with ±/Wt as Hamilton func- 
tions ll22ll . The form of the Hamiltonian with Q± gives a new 
and interesting perspective, not just on Horava-Lifshitz grav- 
ity (which corresponds to a theory with up to 3rd order spa- 
tial derivatives of the metric in Wj); but also on the whole 
class of related theories which can be obtained by adjusting 
3-geometry terms in Wj. However, it is crucial that the con- 
straint algebra must be consistent before any such theory is 
viable. Both the projectable and non-projectable version of 
the theory face serious challenges. 



III. INCONSISTENCY OF NON-PROJECTABLE 
HORAVA-LIFSHITZ GRAVITY 

In the projectable version, with the lapse function, N{t), 
dependent only on time, the theory has an integrated (rather 
than local) constraint J Hd^x = 0. With H being a ten- 
sor density of weight one, this integrated constraint com- 
mutes with itself, and also with the super-momentum con- 
straint which generates spatial diffeomorphisms. However, 
the absence of a local constraint H{x) — implies the the- 
ory has an additional unrestricted degree of freedom. This 



extra scalar graviton mode is confirmed by the explicit ana- 
lyzes Illl [l2l - [l4ll . and the projectable version is pathological 
(and phenomenologically problematic) in having a perturbed 
Hamiltonian which can be unbounded below. In the Einstein- 
Hilbert theory the would-be pathological scalar mode is elimi- 
nated precisely by the local Hamiltonian constraint, and in the 
weak field limit gravitons have but two polarizations. Non- 
projectable Horava-Lifshitz gravity with space-time depen- 
dent lapse function N{x) is also problematic. 7Zn{x) = does 
lead to the secondary local constraint H{x) — 0. But the con- 
straint algebra with the full Wj of Horava-Lifshitz gravity 
suffers from serious problems, whereas the Dirac algebra is 
obtained for covariant 4-dimensional Einstein-Hilbert action 
with cosmological constant. In fact for Horava-Lifshitz grav- 
ity, {H{x),H[N]} = (A +a))N{x), wherein A contains spa- 
tial derivatives acting on A^ and co does not (for explicit ex- 
OTessions of the Poisson bracket the reader may consult Refs. 
10, [151]), and smeared constraints are denoted by square brack- 
ets i.s. H[N]:— jNHcfix. Furthermore ( A + o) can have zero 
modes; and the only consistent solution is A^ = ||4|l- Strictly 
speaking, N ~0 considered as a special case of a gauge-fixing 
condition N = f results in {N{x) — f, TZ^iy)} = 5{x — y) with 
non-vanishing determinant. So the condition does give a for- 
mally 'consistent' system with two second class constraints, 
tzn = N = 0, in addition to tt^, =//,=// = which are sta- 
ble under evolution provided N ^ 0. But this formal consis- 
tency, achieved at the cost of vanishing A^, is of dubious value 
(since any constraint can be made stable with N = 0; further- 
more the ADM space-time metric is degenerate for vanishing 
lapse function). At the very least the situation demands a more 
physical explanation. On the other hand, Dirac's algorithm 
for the analysis of constrained canonical systems [16] should 
reveal the true gauge symmetries of the theory. For Horava- 
Lifshitz gravity, the requirement of vanishing lapse function 
from the algorithm seems to signal that only 3-dim. spatial 
diffeomorphism symmetry is physically relevant. Such theo- 
ries cannot obey the Dirac algebra which is the hallmark of 
space-time covariance and the embeddability of hypersurface 
deformations, and from which Einstein's geometrodynamics 
can be uniquely recovered lUTl Ual . 

There can be interesting modifications to the Dirac alge- 
bra in theories without full space-time covariance. For exam- 
ple, in the extreme limit of Wj = corresponding to ultra- 
local gravity with H = ^Gjji^iTt'^ 7t^', a strongly vanishing 

commutator, {H[N],H[M]} = (even for X =^ 1) replaces 
the usual commutation relation in the Dirac algebra; with 
the special case of A = 1 already pointed out in Ref. lUSll . 
When a scalar curvature term is added to the previous ul- 
tralocal theory in deformations of Einstein-Hilbert theory with 

A 7^ 1 and // = {^Gijun'^n^' - ^R), stability of the pri- 
mary constraints TT/v = %' = with respect to the Hamilto- 
nian //primary = J d^x [Atzm + A'Ttj^i + NH + N'Hj) results in 
H = Hi = 0. Preservation of these secondary constraints un- 
der evolution leads to 



{//[M], //primary} 
2(1-A) 
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For general relativity with A = 1 the constraints are already 
first class at this stage. With A 7^ 1 (the case of degenerate su- 
permetric with A = | has been addressed previously 111911 and 
will not be taken up here) the consequent secondary constraint 
Z; := V,7r = leads to 
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with W 



-V^+R 






A^. Thus W = is required 



for stability of Z; := VjTt = <=> tt — K{t)y/q. The constraint 

H = allows us to write R = ^ (nij'n'-'— ^/jl_i) ?r^), 

wherein n'^ :— n'^ — ^q'^^ is the traceless part of the mo- 
mentum. Together with n ~ Ky^, the condition on A^ then 
becomes 



W = 



-V^ 
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Kij 7t'^ 



3(3A-1) 



A^ = 0. 



(6) 



Since — V^ and ^^KtjK^-' are both positive semi-definite oper- 



ators, W = can have non-vanishing solution II23I1 for A^ only 
if A < |. For A < |, the resultant theory (counting the 6 con- 
jugate paks {qij , n'-'). Hi = as first class and // = 0, tt = K^ 
as second class constraints) has 5[12 — 3(2) —2(1)] = 2 de- 
grees of freedom, but does not contain Einstein's theory (A = 
1) as a special case. For A > |, we are lead to the fact N = 
is the only solution for W = 0. It also follows that the special 
case with vanishing tt (or K = 0) covered in Ref. [y] can be 
consistent only for N = 0. In our more general context of al- 
lowing for K ^ 0, non-trivial A^ exists for A < |. However, 
for A > ^ (and for non-projectable Horava gravity with local 
Hamiltonian constraint) only A^ = is allowed. 



IV. HORAVA-LIFSHITZ GRAVITY AS A MASTER 
CONSTRAINT THEORY 

As structure functions are present in the commutator of 
two Hamiltonian constraints, the Dirac algebra is not the Lie 
algebra of 4-dimensional diffeomorphisms. But //, and H 
constraints do generate 4-dimensional diffeomorphisms on- 
shell(modulo the constraints and equations of motion). In 
a theory which possesses at the fundamental level only 3- 
dimensional diffeomorphisms as gauge symmetry, we expect 
the constraints to generate, on-shell, only spatial diffeomor- 
phisms. There is a formulation which precisely achieves this 
goal, and which at the same time gives rise to a condition 
equivalent to the local constraint H{x) = - thus eliminat- 
ing the problematic extra scalar graviton mode. For Horava- 
Lifshitz gravity, simultaneous requirement of a local H con- 
straint and an involutive constraint algebra seems impossible 



without N = 0. Our proposal is for theories with only spatial 
diffeomorphism invariance as the physical gauge symmetry, 
in particular Horava-Lifshitz gravity, to be formulated as rep- 
resentations of the master constraint algebra which has been 
studied by researchers in loop quantum gravity in their attempt 
to quantize Einstein's theory non-perturbatively iQ, [31]. The 
master constraint operator M, which is tailored to be invariant 
under spatial diffeomorphisms (with H(x) being a scalar den- 
sity of weight 1), is defined as M := /j- i-lsL ij^x. For any real 



valued H{x), the integrand is positive-semi-definite; and the 
master constraint equation, M — 0, is mathematically equiva- 
lent to H{x) — everywhere on the Cauchy surface E. Thus 
the master constraint equation replaces the infinite number of 
local restrictions (H = 0) by a single global restriction. This 
equivalence has furthermore been demonstrated rigorously in 
the quantum context for various non-trivial models, includ- 
ing for quantum field theories [2, 3]. The upshot is a simple 
closed constraint algebra (with structure constants) which is 
first class. The master constraint algebra is just 



{H.[N'],Hj[N'']}=Hi[^^N% 
{Hi[N'],M}^0, {M,M} = 0. 



(7) 



The canonical action for Horava-Lifshitz gravity can then be 
consistently adopted as 



S = ^'^4ij d xdt 



Mdt- / N'Hjd^xdt, (8) 



with H of the form in Eq.(13]i; £„ has the physical dimension of 
energy density. Such theories consistently generate equations 
of motion which are (on-shell) equivalent to spatial diffeomor- 
phisms since 

{q,j,^M + Hk[N'']}\M=o^H=0 « {qij,Hi,[N'']} 
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N^'j^ 



(9) 



(and similarly for n'-'). Our new formulation also realizes 
the claim in Ref. [4] that time-reparametrization symmetry 
of Horava-Lifshitz gravity and freedom in the choice of N{t) 
is on-shell trivial. We should remark that in general rela- 
tivity with first class local constraints //=//,= 0, a Dirac 
observable, O, must commute with both //, and H. This is 
equivalent to the requirement {(9,{(9,M}}]m=o — |2]. But 
for the theory at hand, one can read off from the action that 
weak observables O should commute (weakly) with M and 
//,■; which (analogous to computations in Eq.(|9]l) is equiva- 
lent to {0,Hi} « 0. This weaker criterion (instead of also re- 
quiring vanishing {0,{(9,M}}]m=o) of allowing for observ- 
ables of 3-geometry on the constraint surface is physically rea- 
sonable as observables of the theory should be invariant only 
with respect to the local gauge symmetry of spatial diffeomor- 
phisms. In such theories, two configurations differing by four- 
dimensional, rather than spatial, coordinate transformations 
can be physically inequivalent. It is to be noted our formula- 
tion of Horava-Lifshitz gravity also requires the lapse func- 
tion to depend only on t. In retrospect, 'troubles' in the con- 
straint algebra of Horava-Lifshitz gravity with local Hamilto- 



nian constraint are to be expected of a canonical theory of 3- 
geometry which fundamentally possesses only spatial diffeo- 
morphism invariance. A new, and natural, canonical formula- 
tion of Horava-Lifshitz gravity as a representation of the mas- 
ter constraint algebra can be consistently constructed. More- 
over, the local Hamiltonian constraint which is needed (as in 
Einstein's theory) to remove the problematic scalar graviton 
mode, is equivalently enforced by the master constraint. Al- 
though the Legendre transformation to Lagrangian formula- 
tion can be performed, it may not be particularly useful given 
the lack of 4-dimensional general covariance, and will not be 
pursued here as the canonical Hamiltonian formulation is al- 
ready manifestly covariant with respect to the full spatial dif- 
feomorphism symmetry of the theory. It is also noteworthy 
that, rather than working directly with the quantum version of 
the intractable Dirac algebra, the loop quantum gravity com- 
munity has instead found it fruitful to seek quantum repre- 
sentations of general relativity through the master constraint 
algebra [2]. Horava-Lifshitz gravity is in fact an explicit, and 
highly non-trivial representation, of a master constraint the- 
ory with spatial diffeomorphism invariance. In not satisfying 
the Dirac algebra with local Hamiltonian constraint, Horava- 
Lifshitz gravity is in fact more naturally associated with the 
master constraint theory than Einstein's general relativity. The 
expectation (albeit at the level of perturbative quantum field 



theory) of the absence of negative norm ghosts is also encour- 
aging. With a positive-definite norm, the quantum theory with 

M:=/^£^3^ does lead to Ml'P) =0^H|^) =0. This 
new formulation of Horava-Lifshitz theory offers the exciting 
perspective that the perturbative as well as non-perturbative 
aspects of a theory of quantum gravity may become accessi- 
ble through both the methodologies of perturbative renormal- 
izable quantum field theories and non-perturbative quantum 
representations of the master constraint algebra. 
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